On a counterexample to a conjecture of Mirzaian  by Urabe, Masatsugu & Watanabe, Mamoru
Computational Geometry: Theory and Applications 2 (1992) 51-53 
Elsevier 
51 
COMGEO 123 
Note 
I 
-.. 
On a counterexample to a 
conjecture of Mirzaian 
Masatsugu Urabe 
Department of Mathematics, Tokai University, Hiratsuka, Kanagawa 2.59-12, Japan 
Mamoru Watanabe 
Department of Applied Mathematics, Okayama University of Science, Ridaixho l-1, 
Okayama-shi, Okayama 700, Japan 
Communicated by Jiirg-Riidiger Sack and Jorge Urrutia 
Submitted 17 October 1991 
Accepted 19 February 1992 
Abstract 
Urabe, M. and M. Watanabe, On a counterexample to a conjecture of Mirzaian, Computa- 
tional Geometry: Theory and Applications 2 (1992) 51-53. 
Let L = {I,, lZ, , In} be a set of n pairwise disjoint line segments on the plane. A simple 
polygon Q is a circumscribing polygon of L if the vertices of Q are endpoints of segments in L 
and every segment in L is either an edge or an internal diagonal of Q. A. Mirzaian conjectured 
that any L has a circumscribing polygon. In this note we present a counterexample to this 
conjecture. 
Let L = {I,, f2, . . . , I,} be a set of n pairwise disjoint line segments on the 
plane. The endpoints of every line segment in L are represented by the set of 2n 
points, V = {u,, , v12, Q,, v22, . . . , v,, , vn2} where the endpoints of I,, are 
denoted by vi, and vi2 for each i = 1, 2, . . . , n. Mirzaian [2] defined a 
circumscribing polygon of L to be a simple polygon Q such that vertices of Q are 
the endpoints of the segments in L and every segment in L is either an edge or an 
internal diagonal of Q. He proved that if each line segment in L has at least one 
of its endpoints on the boundary of the convex hull of L then L has a 
circumscribing polygon. He conjectured that any L has a circumscribing polygon. 
In this note we present a counterexample to his conjecture. 
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Configuration C 
Fig. 1. 
A path (on L) is defined as a sequence of distinct points in V, called vertices, 
where each consecutive pair of points is connected by a straight line segment, or 
edge. A path P is simple if L is a perfect matching in P. Rappaport et al. [3, 41 
showed that it is not always possible to construct a simple path passing through 
every line segment. And we say that a path P is a (u, IJ’)-right circumscribing path 
(on L), or (v, v’)-rep, beginning with vertex u and ending with vertex u’, if every 
line segment 1, in L either lies on the path or attaches at most two vertices to the 
right-hand side of P. 
Theorem. For the configuration C shown in Fig. 1, there does not exist a 
circumscribing polygon. 
Proof. It is sufficient to show that C has no (v,, , v,,)-rep on L. Assume, to the 
contrary, that C has a (u,,, v,,)-rep, P. Note that P contains Q, and uj, as 
vertices. We first present two preliminary results. 
Fact 1. A subpath (v,, , v,,)-rep in P must go through either vz2 or v?~, for 
otherwise, no subpath (v,, , v,,)-rep will contain either u4, or uJ2. 
Fact 2. A subpath (v3,, v,,)-rep in P must go through vj2, for otherwise, no 
subpath (v,,, v,,)-rep will contain either u5, or IJ~~. 
By the two facts, every subpath (ur,, v,,)-rep in P must go through the vertex 
vz2, since it must go through either vJ, or Vet. Therefore, f2 is an edge of P. 
However I, is an axis of symmetry in C, so there is no (v2,, v,,)-rep in P, which is 
a contradiction. 0 
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